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Abstract 

Let C be a smooth projective curve over C of genus g > 2. Let 7i n be the moduli 
space of stable Higgs bundles of rank r and degree d on C with values in K (g> 0(np), 
where K is the canonical bundle on C, p any marked point in C, and (r, d) = 1. We 
prove that the natural Hodge structure on H k (7i n ,Q) is pure of weight k. 


An object that has been studied in great depth for many years now is the moduli space 
of flat unitary connections on a compact Riemann surface. Due to the famous theorem of 
Narasimhan and Seshadri |Hj, this space has been investigated by algebraic geometers under 
the guise of the moduli space of vector bundles on a compact Riemann surface. More recently, 
several people have focussed their attention on the moduli space of all flat connections (as 
opposed to just unitary ones). There is a similar correspondence theorem here as well, which 
identifies (only topologically as in the former) this space with the moduli space of Higgs 
bundles on the compact surface. 

We know that under suitable conditions the moduli space of vector bundles is a fine 
moduli space, so there exists a (holomorphic) universal bundle on this space. It was shown 
by Atiyah and Bott []J that the Chern classes of this bundle can be decomposed appropriately 
into components known as universal classes, which then generate the cohomology ring of the 
moduli space. Recently, a similar result was proven in the case of Higgs bundles by Thaddeus 
and Hausel []TU[ in rank 2, and by Markman in general rank. In this note, we use their 
results to compute the Hodge structure on the cohomology of the moduli space of Higgs 
bundles on a smooth projective curve. The result is somewhat surprising since the moduli 
space is non-compact yet all of its cohomology groups have pure weight. 

Outline. This paper is divided into three parts. In section 1, we give a brief introduction 
to the moduli space of Higgs bundles and recall some of the results and constructions related 
to these objects. In section 2, we state the main result. Finally, section 3 contains the proof 
of the result. 

Notation and Conventions. Throughout the paper, C will denote the compact Riemann 
surface or smooth projective curve, of genus g > 2. We shall use 7i n to denote moduli spaces 
over C of Higgs bundles of rank r and degree d with values in K(n ) = K (g) 0(np), 

where p is a marked point in C, and n is any non-negative integer. We will always assume 
that r and d are coprime. All cohomology is with rational coefficients unless otherwise stated. 
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1 Higgs bundles 


Higgs bundles were first studied in great detail by Hitchin and Simpson |7|, [L2|. Let C be a 
smooth complex projective curve of genus g > 2. Let L be any holomorphic line bundle on C. 
A Higgs bundle on C with values in L is a pair ( E , 0), where E is a holomorphic vector bundle 
on C, and 0, often called a Higgs field, is an element of H°(C, End(-E') ® L). We say that a 
Higgs bundle is semi-stable if for any ^-invariant subbundle F C E, degF/vkF < degE/rkE. 
We say that the Higgs bundle is stable if this inequality is strict. We will denote by r the 
rank of E and by d the degree of E. 

We now specialize to the case when L = K{n ) = K ® 0(np ), where K is the canonical 
bundle on C, p is a marked point in C, and n > 0. Then the following is known. 

Theorem (Hitchin, Simpson, Nitsure [7|, |l2|, For fixed rank r, and degree d 

coprime to r, and for any n > 0, there exists a moduli space FL n of stable Higgs bundles with 
values in K(n), which is a smooth quasi-projective variety of dimension r 2 {2g — 2 + n) + 2. 


When n — 0, the space Ft 0 of Higgs bundles is related to the space of flat connections 
(or connections of constant central curvature) by the following result. 

Theorem (Hitchin, Corlette, Donaldson [0, §] ) • Let r and d be coprime. Denote by 

Ft the space of GL(r, C)-connections on C of constant curvature diu>I up to gauge equivalence, 
where u is a 2-form on C chosen so that f c co = 2ir/r, and I is the r x r identity matrix. 
Then Ft is a smooth variety diffeomorphic to the moduli space Fto. 


This equivalence is only topological, since the complex structures on the two moduli 
spaces are different. 

We now focus our attention on FL n . This space can be constructed gauge-theoretically 
in the following manner (see [|TH| for details). Let V be a Hermitian vector bundle on C of 


rank r and degree d. We denote by A the complex affine space of holomorphic structures 
on V. Let Cl p,q be the Sobolev completion of the space of differential forms of Sobolev class 
L\_ v _ q . For n > 0, we can then define a map 


d: Ax f2 0,0 (End V <g> K{n)) -> fi 0 ’ 1 (End V <8> K(n )) 


by d(E,(p) = Be4>, and let B„ = <9 _1 (0). Let Q be the gauge group of all complex automor¬ 
phisms of V, and Q be the quotient of Q by the central subgroup C x C Q. Then we know 
that Q acts on A and n 1,0 (End V (8) K(n )) thus inducing an action on B n . Finally, if we 
denote by B s n C B n the open subset of stable Higgs bundles, then we have Ft n = B s n jQ. 

We also know that for all n > 0, Ft n x C carries on it a universal family (E n ,$ n ). 
Although the universal bundles E n are not canonical, the projective bundles P(E re ) are, and 
we recall briefly one method of constructing these bundles. 
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We start with the tautological rank r vector bundle E _4 on A x C with the constant 
scalars C x C Q acting trivially on the base and as scalars in the fibre of E_ 4 . Using the 
projection map 7r : 23* —> A, we pull back the bundle E^ to get a bundle we will call E ^, n 
on B s n x C. Next, we notice that the group Q acts on this bundle, thus inducing an action 
on the projective bundle P(Eg in ) with the constant scalars C x C Q acting trivially on the 
fibres. Hence the bundle P(E 6n ) is a (/-equivariant bundle. Since Q also acts freely on B„, 
we see that P(E# in ) descends to a P r_1 -bundle P(E n ) on H n x C. Any lift of this bundle is 
a universal bundle on 7 L t n x C. In general of course such lifts don’t always exist. However, 
for the spaces 7 '~C n , one can always find a lift and thereby construct a universal bundle. The 
crucial point to note here is that the projective bundle P(E n ) on H n x C is constructed by 
pulling back the bundle E _4 which is independent of the parameter n. This allows us to do 
the following. 

Thaddeus and Hausel [|U| showed that the spaces H n constructed in the above manner 
form a resolution tower, that is there are natural inclusions H n H n +\, which allow us 
to construct the direct limit space which we shall denote by Hoo- They also showed that 
the £>„’s also have natural inclusions which allows us to construct the direct limit B^ and 
that B ^ is a principal ty-bundle on Hoo with total space contractible. Since the projections 
B n —> A commute with the inclusions B n B n+ \ , and the construction of the bundles P(E„) 
did not depend on n, we can now take the direct limit of these bundles and thus obtain a 
projective bundle on Hoo which we shall denote by P(E^ m ). We also note that due to the 
way it is constructed, P(E^ m ) is the canonical bundle P(E) where E is any universal bundle 
on Hoo- 

Finally, we will denote by c",..., c” the Chern classes of the universal bundle E„ on 
H n , and by c %,..., cf the Chern classes of the projective bundle P(E n ) on H n . The c£ are 
elements of rational cohomology, and may be thought of as Chern classes of the universal 
bundle E twisted by a formal r-th root of A r E*, so that the first Chern class vanishes. 
Similarly, c 2 ,..., c r will denote the Chern classes of the projective bundle P(E Km ) on Hoo- 
One consequence of the above construction is that the Chern classes of P(E/ im ) restrict to 
their counterparts on H n for n > 0. The bundle P(E/ im ) will play a key role in our proof in 
section 3. 


2 Statement of the Result 

Theorem 1. The natural Hodge structure on H k \H ni Q ) is pure of weight k. 

This is obviously known to be true in the case of smooth projective varieties over C. 
However, if the variety is singular or non-compact, we typically expect the natural Hodge 
structure on H k to have some mixing , i.e., we expect the k-th cohomology group to contain 
elements of weight other than k. So it is interesting and perhaps a little suprising that 
although H n is non-compact, there is indeed no such mixing in its cohomology. 

A simple consequence of the above result is the following. If X is any smooth compact- 
ification of H n , then the natural maps H k (X,Q) —> H k (H n ,Q) are surjective. This follows 
by first considering the case when the compactification divisor is a normal crossings divisor, 
and then using Hironaka’s resolution method to always reduce to this case. 
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The proof of the above theorem occupies the rest of the paper. We use the approach of 
Thaddeus and Hausel |I6| to get a grip on the spaces TL n . More specifically, we prove first 
that the fc-th cohomology space H k {Hoo,Q) of the direct limit TLoo of the spaces H n carries 
a natural Hodge structure. We then show that this in fact is pure, using the fact that the 
cohomology is generated by the universal classes of the direct limit bundle P(E;j m ). This 
finally allows us to use the surjective map from H*(Hoo ) —> H*(H n ) to complete the proof. 


3 Proof 

Lemma 1. The cohomology ring H*(7i 001 Q) carries a natural mixed Hodge structure (MHS). 

Proof. Since each Tt n is a smooth quasi-projective variety, it carries a natural MHS (3j]. Let 
W n ^ and F n '* denote the weight and Hodge hltrations respectively on H*(H n} Q)- Define 
hltrations B 7 * and F* on H*( 7doo,Q) by setting B 7 * = limB 7 ^* and F* = limF 71 ’*. ft is not 

n n 

difficult to verify that these hltrations satisfy the following properties: 

(i) B 7 * defines a weight filtration on /J*(7d 00 ,Q) 

(ii) F* defines a Hodge filtration on H*(Tiooi Q) <8> C 

(iii) F* induces a Q-Hodge filtration of weight k on each Grjf (i/*(7f 00 , Q)) = W k /W k _i 

Consequently, we see that the hltrations F* and B 7 * dehne a MHS on iJ*(7^ OC) ,Q) in the 
sense of Deligne, although this is an inhnite-dimensional vector space. □ 

Lemma 2. Let T k}i denote the composition of the following maps. 

H\CxH 00 ,Q)(-k + l ) Q)(l) 



HfC, Q )(-k + 1) tf i+2fe - 2 (ftoo, Q) 

Then the cohomology H*( 7ioo,Q) is generated as a ring by the images of the maps T fc)i; 
2<k<r,0<i<2. 

Proof. See Thaddeus and Hausel (JHJ, 10.1. □ 

Now we focus our attention on Ti n . Since TL n is smooth quasi-projective, we may assume 
that Tt n = X n \D n where X n is smooth projective and D n is a normal crossings divisor |J7J. 
Let Tl p (*D n ) denote the sheaf on X n of meromorphic p-forms that are holomorphic on Tt n 
and have poles of arbitrary (finite) order on D n . Similarly, let A p (*D n ) denote the sheaf 
on X n associated to the presheaf U —> A P {U\U D D n ), where A p is the space of smooth 
p-forms. Both of these ht into complexes of sheaves (f }*(*D),d) and (A*(*D),d) on X n . 
Next, we let f2 p (logD) be the subsheaf of Q P (*D) generated locally by the holomorphic 
forms and the logarithmic differentials dzi/zi, 1 < i < k, where D n can be written locally 
as {z\ ■ ■ ■ z k = 0}. Intrinsically, if / is a local defining equation of D n , then H p (logD) 
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is given by those meromorphic p-forms if such that both ftp and fdfir are holomorphic. 
We recall that both the inclusions fi*(log D) C A p (*D n ) and Fl*(*D) C A p {*D n ) are quasi¬ 
isomorphisms. Since the sheaves A p (*D n ) are fine , H q (X n , A p (*D n )) = 0 for q > 0, using the 
spectral sequence for hypercohomology, we see that lH*(W n , Q*(*D)) = W(X n , A p (*D n )) = 

H;{H°{X n ,A"{*D n ))) = HfaCH,). 

Hence we see that the cohomology of Ti n can be computed by using meromorphic forms 
on X n that are holomorphic on 7 ~L n and have poles along D n . This enables us to define the 
weight of a (p,q) form 7 in the cohomology of TL n (see [[| for more details). We say that 
the form 7 has weight p + q + d where d is the order of the pole along D n of the associated 
meromorphic form on X n . In particular if 7 is the restriction of a form holomorphic on all 
of X n , then it has weight p + q (i.e., d — 0). 

Before proving the next lemma, we discuss briefly the notion of Chern classes for coherent 
sheaves on a smooth projective variety. Let X be a smooth projective variety. Given a 
coherent sheaf T on X, we can consider T as an element of the Grothendieck group G(X). 
We consider K(X), defined in a similar manner as G(X ) except using locally free sheaves, 
as the quotient of the free abelian group generated by all locally free (coherent) sheaves 
on X, by the subgroup generated by all expressions of the form £ — £’ — 8", whenever 
0 —> S' —> 8 —» £" —> 0 is a short exactly sequence of locally free sheaves. We recall that the 
definition of Chern classes extends naturally to K(X) (see for instance Hartshorne, Algebraic 
Geometry). It can be shown using resolutions of coherent sheaves that the natural map from 
K(X) —> G(X) is an isomorphism. This allows us to consider the image of the coherent 
sheaf T in K(X), and consequently define Chern classes of T. This turns out to be a good 
definition in that it satisfies all the defining properties of Chern classes. We now prove the 
following. 

Lemma 3. Let T£q denote the composition of the following maps. 


U c n 

H\CxH ni Q)(-k+l) —^ H i+2k {C x H, m Q)(1) 


Pi 

H\C,Q)(-k + l ) 


fc 

H l+2k ~ 2 (H n ,Q) 


Then for each k, i, Tjlq is a morphism of Hodge structures. 

Proof. We note that F^ i is a composition of three maps: a pullback p\[, cupping with the 
Chern class c^, followed by integration along the curve C. Pulling back a form u G H l (C, Q) 
to H l (C x Ti n , Q) does not change the Hodge type or weight of the form (since p\u> will not 
have any poles along D n ), so this is a morphism of Hodge structures. Next we observe that 
the universal bundle E n on TL n can be extended to a coherent sheaf 8 n on X n . Then the 
k-th Chern class of 8 n restricts to give the Chern class c£ of E„. Hence cf. (which we already 
know to be of pure Hodge type (fc, fc)) does not have any poles along D n and therefore has 
weight 2fc. Consequently, cupping the pullback pfij of any to e HfC, Q) with cf. will affect 
the Hodge type as expected by (fc, fc), but will also shift weight exactly by 2fc. As a result, 
this is also a morphism of Hodge structures. Finally, integrating a form p\to U c£ along C 
is also a morphism of Hodge structures since the Hodge type will shift down by (1,1) and 
weight will always shift exactly by 2 (since p\to U cf. has no poles along D n ). □ 
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Thus each T£ i is a morphism of Hodge structures. We can now finish the proof. 


Proof of Theorem 1. We now take the limit of these maps as n —> oo to get a map from 
H l (C, Q) —> /7 ,+ 2 fc ~ 2 (7-f 00 , Q), which is exactly the map T k:i constructed before. Since the 
MHS on H*(7i 0 Q , Q) was obtained as a limit of the MHS on H*(TC n , Q), T kt i is also a morphism 
of Hodge structures. By Lemma 2, we know that the image of T k> i generates the cohomology 
ring H*(TLoo, Q)« Since T k) i is a morphism of Hodge structures, any u G H k (H 00 ,Q) has 
weight k. Next we recall that the natural map H*(TCoo,Q) —> H*(TL n , Q) is surjective |16 
and because of the manner in which the MHS on H*(TL 00 , Q) was induced, this is also a 
morphism of Hodge structures. Hence, we see that for any k, all elements of H k (TC n , Q) are 
of weight k. This completes the proof. □ 
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